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To fully utilize the energy-time degree of freedom of photons for optical quantum information
processes, it is necessary to control and characterize the quantum states of the photons at extremely
short time scales. For measurements beyond the time resolution of available detectors, two-photon
interference with a photon in a short time reference pulse may be a viable alternative. In this paper,
we derive the temporal measurement operators for the bunching statistics of a single photon input
state with a reference photon. It is shown that the effects of the pulse shape of the reference pulse
can be expressed in terms of a spectral filter selecting the bandwidth within which the measure-
ment can be treated as an ideal projection on eigenstates of time. For full quantum tomography,
temporal coherence can be determined by using superpositions of reference pulses at two different
times. Moreover, energy-time entanglement can be evaluated based on the two-by-two entanglement
observed in the coherences between pairs of detection times.
PACS numbers: 03.65.Wj, 42.50.Dv, 42.65.Re, 03.67.Mn
I. INTRODUCTION
Photons are one of the most versatile systems for the implementation of quantum information processes. The most
accessible degrees of freedom are polarization and the spatial degrees of freedom defined by optical paths. In addition,
it is possible to encode quantum information in the different frequency modes along the direction of propagation.
Encoding information in this energy-time degree of freedom may be more robust against mechanical instabilities than
the alternatives and could therefore be especially useful in long-distance quantum communication [1, 2].
Energy-time entanglement was first demonstrated by Franson [3], and has been applied in quantum cryptography
[4, 5] and quantum communication [6–8]. Originally, these approaches are based on comparatively long timescales,
so that the necessary time resolution can be achieved by the photon detection systems directly. However, recent
technological developments make it possible to generate entanglement on time scales much shorter than the time
resolution of available detectors [9–11]. To fully utilize the potential of such broadband sources of entangled photons,
it is necessary to develop measurement systems that can characterize the quantum states of photons on extremely
short time scales.
In previous experimental work, short time correlations between entangled photons were confirmed by observing the
rate of two photon absorption in second harmonic generation, effectively reversing the role of the source to serve as
a detector [12, 13]. However, the measurement information so obtained is insufficient for a complete characterization
of the quantum state. More detailed information can be obtained by the two-photon interference between a pair
of down-converted photons, where the shape of the Hong-Ou-Mandel dip can provide spectral information about
the photon pairs [14, 15]. However, this method only demonstrates that the photons have some time dependent
correlation, without deciding whether this correlation is between detection times or represent a time dependence of
energy, e.g. in chirped pulses.
An independent time standard can be realized by using reference pulses from a separate photon source. With such
independently generated references, it is possible to use the photon bunching effect of the two photon interference
between one reference photon and the signal photon to achieve a time resolved measurement at the time scale
determined by the pulse time of the reference pulse. Intuitively, bunching should only occur when the reference
photon and the input photon coincide in time. However, bunching is also sensitive to the temporal coherence of the
reference pulse. To optimize the information gained about the state of the input photon, it is essential to understand
these effects of temporal coherences in the reference pulses on the bunching statistics. In the following, we therefore
analyze the quantum statistics obtained from appropriate short time reference pulses and explore the possibilities of
quantum tomography and entanglement verification in the time domain based on two-photon interference.
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2In Sec. II, we describe the coincidence rates in the output ports of the two-photon interference in terms of a
projective measurement operator defined by the optical quantum state of the photon from the reference pulse. In Sec.
III, the effects of time delays used to scan the temporal features of the signal photon state are considered. Significantly,
the measurement is equivalent to the projection on an ideal eigenstate of time if the bandwidth of the input state is
narrower than that of the reference pulse. It is therefore possible to optimize the reference pulse shape according to
the basic optical properties of the input. In Sec. IV, we show how a superposition of reference pulses at two times can
be used to obtain the temporal coherence of the input state. We can then achieve full quantum tomography in the
time domain. In Sec. V, we apply the results to derive an experimental criterion for the verification of the temporal
entanglement of down-converted photon pairs.
II. TWO-PHOTON INTERFERENCE WITH A REFERENCE PHOTON
Photon bunching of the Hong-Ou-Mandel type is observed when two photons are incident on a 50 : 50 beam splitter
from opposite sides. If the photons share the same temporal and transverse coherence, two photon interference
eliminates the possibility that they will exit the beam splitter on opposite sides. However, any mismatch in the
temporal or transverse coherence will result in the appearance of photons exiting at opposite sides. Coincidence
detection of photons on opposite sides of the beam splitter is therefore a direct measure of the mismatch between the
quantum states of the photons that entered the beam splitter.
reference signal
?
1 2
FIG. 1: Illustration of a bunching measurement of an unknown photon state using a short time reference photon and a 50 : 50
beam splitter.
To obtain temporal features of a signal photon, we consider the use of a reference photon from a short time
pulse, as illustrated in Fig. 1. The transformation of the light field at the beam splitter can be represented by the
transformation of the temporal annihilation operators,
bˆ1(t) =
1√
2
(aˆ1(t) + aˆ2(t))
bˆ2(t) =
1√
2
(aˆ1(t)− aˆ2(t)), (1)
where aˆ1(t) and aˆ2(t) are the input field operators and bˆ1(t) and bˆ2(t) are the output field operators for a given input
time t. Since the photon in input port 1 is the reference photon, its input state is known and given by the reference
state | Φref〉. In the single photon time basis, this state is represented by
| Φref〉 =
∫
φ(t)aˆ†1(t)dt | 0〉, (2)
where φ(t) = 〈t | Φref〉 is the time dependence of the reference pulse amplitude.
In general, the probability of a joint detection of one photon in output 1 at time t1 and one photon in outport 2 at
time t2 is
G(2)(t1, t2) = 〈bˆ†1(t1)bˆ†2(t2)bˆ2(t2)bˆ1(t1)〉. (3)
We can transform this expression into an expectation value for the coherences of the two photon input state using Eq.
(1). Since the reference state is known, the joint probability can be expressed in terms of a projection on the single
photon state in the signal port 2. The projection operator for detections at times t1 and t2 can then be given by
Πˆs(t1, t2) =
1
4
(φ(t1)φ
∗(t1) | t2〉〈t2 | −φ(t1)φ∗(t2) | t2〉〈t1 | − φ(t2)φ∗(t1) | t1〉〈t2 | +φ(t2)φ∗(t2) | t1〉〈t1 |) (4)
3However, this measurement operator assumes perfect time resolution of the detection. In realistic photon detectors,
the detection times that can be resolved are usually much longer than the pulse times of the available reference pulses.
We can therefore assume that the photon time will be completely unknown, so that the actual measurement operator
of the photon coincidence is obtained by integrating over all measurement times,
Mˆs =
∫ ∫
Πˆs(t1, t2)dt1dt2 =
1
2
− 1
2
| Φref〉〈Φref | . (5)
Thus, the effect of two-photon interference with the reference photon on the coincidence counts is given by a single
photon measurement operator defined by the projection on the state of the reference. In the following, we will consider
the effects of the spectral and temporal features of the reference on the time resolution of the measurement.
III. TIME RESOLVED MEASUREMENT AND BANDWIDTH LIMITATION
Time resolved measurements can be realized by scanning the peak time of the reference pulse using an appropriate
time-delay. To represent this time delay in our formalism, we can simply shift the temporal wavefunction, so that the
amplitude at input time t′ for a delay time of t corresponds to
〈t′ | Φ(t)〉 = φ(t′ − t) (6)
Alternatively, this time shift can be expressed by a phase factor in the frequency representation,
〈ω | Φ(t)〉 = eiωt〈ω | Φ(0)〉. (7)
An ideal measurement of time would project on the state | t〉 defined by a delta function in time or, in the frequency
representation, by
〈ω | t〉 = 1√
2pi
eiωt. (8)
The comparison of real state (7) and ideal state (8) shows that the difference can be expressed by a time-shift
independent attenuation of the frequency components, so that
| Φ(t)〉 =
(∫ √
2pi 〈ω | Φ(0)〉 | ω〉〈ω | dω
)
| t〉 = Fˆ | t〉. (9)
The problem of time resolution can therefore be expressed completely in terms of the filter operation Fˆ that converts
the ideal time eigenstate into the reference pulse. The measurement operator for a reference time t is then given by
Mˆs(t) =
1
2
− 1
2
Fˆ | t〉〈t | Fˆ †. (10)
To determine the overlap between | Φ(t)〉 and an unknown input state | ψ〉, we can first apply the adjoint filter operator
Fˆ † to modify the frequency amplitudes of the input state. The overlap of the original state with the reference state
is then equal to the overlap of the modified state with an eigenstate of time.
In general, the eigenvalues of Fˆ † are equal to
√
2pi times the complex conjugate of the frequency amplitude 〈ω | Φ(0)〉
of the reference pulse. Since dispersion effects caused by phase changes in the frequency components should be avoided,
it is best to use transform limited reference pulses with real and positive amplitudes. In this case, Fˆ is a self-adjoint
operator acting like a dispersion-free band-pass filter. Optimally, the frequency spectrum of the reference pulse should
be approximately rectangular, resulting in constant transmission of a specific bandwidth. The temporal measurement
will then be completely accurate for all input fields within that bandwidth.
It may also be worth noting that the depth of the dip in the coincidence count rate described by the measurement
operator in Eq.(10) depends on the bandwidth ∆ω of the reference pulse. For a rectangular spectrum of the reference
pulse, the average number of coincidence counts Nc from an input state | ψ〉 with a frequency spectrum entirely within
the bandwidth of ∆ω is given by
Nc =
1
2
− pi
∆ω
|〈t | ψ〉|2. (11)
To optimize the signal-to-noise ratio of the measurement, it is therefore desirable to use the minimal bandwidth
acceptable for the respective input states.
4IV. MEASUREMENT OF TEMPORAL COHERENCE
As shown in the previous section, the probability distribution of photons in time can be obtained from the photon
bunching characteristics of two-photon interference with photons in a single short-time reference pulse. In terms of
the temporal density matrix, we can then reconstruct the diagonal elements 〈t | ρˆ | t〉. A complete tomographic
reconstruction of an unknown quantum state can be achieved by determining all elements 〈t1 | ρˆ | t2〉, including the
off-diagonal elements that describe coherences between two different times t1 and t2.
Since photon bunching with a reference corresponds to a projection on the state of this reference, coherences between
two times can be probed by using superpositions of two short-time pulses as a reference. The setup for this kind of
measurement is shown in Fig. 2. The coherent reference is generated by interference between the original pulse and
a time-delayed pulse, so that the reference is in an equal superposition of input times t1 and t2,
| Φref〉 = 1√
2
Fˆ (| t1〉+ | t2〉), (12)
where we used Eq. (9) to express the superposition in terms of time eigenstates and the filter operator Fˆ representing
the permitted bandwidth.
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FIG. 2: Setup for the measurement of temporal coherence using coherent superpositions of reference pulses at two different
times, t1 and t2.
Unfortunately, the phase in this superposition is fixed to zero, because the shape of the initial reference pulse defines
the precise phase at peak time ti. To achieve complete quantum tomography, we need to consider the possibility of
obtaining phase information from the dependence of coherence on the time difference between t1 and t2. Since our
measurement has a limited bandwidth centered around a carrier frequency of ω0, we can assume that small shifts
in the time difference do result in a corresponding phase shift ϕ = ∆t/ω0. Although the time eigenstates | t〉 and
| t+ ϕ
ω0
〉 are orthogonal, they are nearly indistinguishable within the bandwidth considered, as long as ϕ is sufficiently
smaller than ω0/∆ω. Specifically, the application of the filter function Fˆ ensures that
Fˆ | t+ ϕ
ω0
〉 ≈ e−iϕFˆ | t〉. (13)
Arbitrary phase shifts can then be realized with −pi ≤ ϕ ≤ pi. In this range, it is usually reasonable to consider the
above approximation as valid, so that the state | t + ϕ
ω0
〉 can be replaced by e−iϕ | t〉. A quantitative test of this
assumption can be obtained from the normalized overlap σ of the filtered states,
σ =
|〈t | Fˆ †Fˆ | t+ ϕ
ω0
〉|2
〈t | Fˆ †Fˆ | t〉 〈t+ ϕ
ω0
| Fˆ †Fˆ | t+ ϕ
ω0
〉 . (14)
In most cases, σ will be close to one for the whole range of phase shifts. It is then safe to assume that we can
generate superpositions of different times with arbitrary phases. The measurement operators obtained with these
superpositions read
Mˆs(t1, t2, ϕ) =
1
2
− 1
4
Fˆ
(| t1〉〈t1 | +e−iϕ | t1〉〈t2 | +eiϕ | t2〉〈t1 | + | t2〉〈t2 |) Fˆ †. (15)
By scanning t1, t2 and ϕ over the appropriate range of values, a complete tomographic reconstruction of the density
matrix 〈t1 | ρˆ | t2〉 of the input photons is possible.
5V. VERIFICATION OF ENERGY-TIME ENTANGLEMENT
In principle, it is a straightforward matter to apply the quantum tomography scheme described in the previous
section to photon pairs in energy-time entangled states. As shown in Fig. 3, it is merely necessary to extend the
two photon coincidence measurements for a signal photon and a reference photon to the four photon coincidences
observed for two signal photons with two separate references. The measurement operator of the four-fold coincidence
then reads
Mˆp(t1A, t2A, ϕA; t1B, t2B, ϕB) = Mˆs(t1A, t2A, ϕA)⊗ Mˆs(t1B , t2B, ϕB), (16)
where the operators Mˆs describe the single photon results according to Eq.(15). This operator can be further separated
into a positive background, negative contributions from local bunching at either A or B, and a positive term from the
correlation between bunching effects. Since only the last term is required for the characterization of entanglement,
we can focus on this term, given by the projection on the product of the two references in A and in B,
| ΦA; ΦB〉 = 1
2
Fˆ ⊗ Fˆ
(
| t1A, t1B〉+ eiϕA | t2A, t1B〉+ eiϕB | t1A, t2B〉+ ei(ϕA+ϕB) | t2A, t2B〉
)
(17)
The projector corresponding to this reference state can be represented in the four dimensional subspace spanned by
reference
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FIG. 3: Setup for correlated measurements on energy-time entangled photon pairs.
the temporal eigenstates of times t1A, t2A in path A, and t1B, t2B in path B. In this two-by-two Hilbert space, the
projector can be given by the matrix
Pˆ (ϕA, ϕB) =
1
4


1 e−iϕB e−iϕA e−i(ϕA+ϕB)
eiϕB 1 e−i(ϕA−ϕB) e−iϕA
eiϕA ei(ϕA−ϕB) 1 e−iϕB
ei(ϕA+ϕB) eiϕA eiϕB 1

 , (18)
where the basis states are {| t1A, t1B〉, | t1A, t2B〉, | t2A, t1B〉, | t2A, t2B〉}. By varying the phases in A and in B, it is
possible to distinguish contributions with different phase factors. In particular, it is possible to identify the coherence
between | t1A, t1B〉 and | t2A, t2B〉 from the coincidence data, since it is the only term that depends on the sum of ϕA
and ϕB . This term describes a genuine two-photon coherence and is particularly useful for the verification of temporal
entanglement.
For single photon states, the coherence between | t1〉 and | t2〉 is limited by |〈t1 | ρˆ | t2〉| ≤ 1/2. Therefore, the two
photon coherence between | t1A, t1B〉 and | t2A, t2B〉 achieved by separable states is limited to
|〈t1A, t1B | ρˆsep. | t2A, t2B〉| ≤ 1
4
. (19)
For entangled states, the same coherence can be as high as 1/2. It is therefore possible to verify temporal entanglement
directly by detecting values of 〈t1A, t1B | ρˆ | t2A, t2B〉 > 1/4 at a fixed set of detection times. In typical experiments
using parametric down-conversion, photon pairs will be emitted simultaneously, so entanglement can be verified for
t1A = t1B and t2A = t2B. For time differences of t2 − t1 smaller than the correlation time of the down-conversion
process, single photon cohernces will emerge between t1 and t2, resulting in a reduction of the observed entanglement.
This transition between two-photon coherence and single photon coherences can be used to identify the timescale of
the entanglement. For instance, it may be reasonable to define the timescale achieved by broadband entanglement
sources as the time difference t2− t1 at which the coherence 〈t1, t1 | ρˆ | t2, t2〉 crosses the value of 3/8 halfway between
maximal entanglement and separability. Thus, bunching with coherent superpositions of short-time reference pulses
provides an experimental method of identifying the ultra-short quantum correlation times of broadband entanglement
sources.
6VI. CONCLUSIONS
We have shown that the quantum state of an unknown input photon can be completely determined by two-photon
interference with reference photons from short-time references pulses. In particular, the bunching effect observed with
a single reference pulse corresponds to a projection on a time eigenstate, where the limited time resolution can be
represented by a filter function that eliminates frequencies outside of the bandwidth of the reference pulse. To obtain
an optimal signal-to-noise ratio, it is desirable to make this bandwidth as narrow as possible without losing too much
of the input signal. Two-time coherences can be evaluated using superpositions of two pulses shifted to appropriate
times. The phase relation between these pulses can be controlled in the conventional manner, by time shifts shorter
than one period of the central frequency of the reference pulse. It is then possible to achieve a complete tomographic
reconstruction of the temporal density matrix from the two-photon interference data.
The application of our tomography scheme to energy-time entanglement is straightforward. However, it may often
be sufficient to evaluate the entanglement from only a few selected measurements. In the present scheme, the effective
two-level entanglement between two pairs of detection times can be determined from the phase dependence of the four
photon coincidences in the output ports. It is then possible to characterize the time dependence of entanglement in
terms of the two-photon coherences between two different detection times, where the characteristic timescale might
be given in terms of the time separation where the coherence is halfway between its maximal and its separable value.
The entanglement times achieved by various sources of energy-time entangled photon pairs can then be determined
experimentally using well-defined criteria.
In conclusion, photon bunching with short time references may prove to be a helpful addition to the available
experimental methods for the study of energy-time entanglement and related quantum effects on ultrashort timescales.
Our results show that the data obtained in such measurements provides a direct and intuitive image of temporal
quantum coherence, permitting the definition of clear and accessible criteria for the temporal features of photon
states. The present work may thus lay the foundations for detailed investigations of the energy-time degrees of
freedom in multi-photon quantum statistics.
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